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Abstract: We study the thermodynamics of the maximally supersymmetric Yang-Mills
theory with gauge group U(N) on RS3, dual to type IIB superstring theory on AdS5S5.
While both theories are well-known to exhibit Hagedorn behavior at innite N , we nd
evidence that this is replaced by Lee-Yang behavior at large but nite N : the zeros of the
partition function condense into two arcs in the complex temperature plane that pinch the
real axis at the temperature of the connement-deconnement transition. Concretely, we
demonstrate this for the free theory via exact calculations of the (unrened and rened)
partition functions at N  7 for the su(2) sector containing two complex scalars, as well
as at N  5 for the su(2j3) sector containing 3 complex scalars and 2 fermions. In order
to obtain these explicit results, we use a Molien-Weyl formula for arbitrary eld content,
utilizing the equivalence of the partition function with what is known to mathematicians
as the Poincare series of trace algebras of generic matrices. Via this Molien-Weyl formula,
we also generate exact results for larger sectors.
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1 Introduction
Gauge theories exhibit a rich thermodynamic structure, much of which is still to be un-
derstood. This is even the case for what might be the simplest gauge theory, namely the
maximally (N = 4) supersymmetric Yang-Mills (SYM) theory with gauge group U(N), on
R  S3. Via the AdS/CFT correspondence [1], a dual description of N = 4 SYM theory
is given by type IIB superstring theory on AdS5  S5, which has been used to study the
thermodynamic properties of both theories from early on [2].
Gau' law dictates that the states on a compact space such as S3 are color singlets, lead-
ing to a phase transition in N = 4 SYM theory that bears resemblance to the connement-
deconnement transition in QCD. The compact space S3 allows also for a direct comparison
between the conformal N = 4 SYM theory and conning theories, such as QCD [3]; the
nite radius RS3 acts as an eective infrared cuto, limiting the running of couplings in the
latter case, and making perturbation theory applicable in conning theories when tuned
suciently small. In conformal theories, the product of the temperature T and RS3 yields
a dimensionless quantity on which thermodynamic quantities can depend. In the following,
we will thus set RS3 = 1 in the understanding that the dependence on RS3 can trivially be
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restored. Via the AdS/CFT correspondence, the connement-deconnement phase tran-
sition in N = 4 SYM theory is conjectured [2] to be dual to the Hawking-Page phase
transition [4] between a gas of gravitons (or closed strings) and a black hole.
A theoretical description of thermal physics is based on the partition function
Z(T ) =
X
states
e E=T ; (1.1)
where the sum is over all states, E denotes the energy of a given state and T is the
temperature in units of the Boltzmann constant. For example, the phase transition at
temperature Tc can be detected by looking at the scaling of the free energy with respect
to N [2]:
F (T ) =  T logZ(T ) 
(
1 for T < Tc ;
N2 for T > Tc :
(1.2)
A more detailed description is obtained by including also chemical potentials 
i for the
two spins S1, S2 and three R-charges J1, J2, J3 of N = 4 SYM theory. This yields the
rened partition function
Z(T ) =
X
states
e (E 
P3
i=1 
iJi 
P2
a=1 
a+3Sa)/T : (1.3)
Using the state-operator map, the states on RS3 can be described by gauge-invariant
local composite operators on at Minkowski space R1;3; their energies E are then given
by the scaling dimensions . At tree level, the scaling dimension of an operator is simply
the operator's engineering dimension, but quantum corrections shift it in the interacting
theory. Gauge-invariant local composite operators are built as traces of products of elds
that transform covariantly under gauge transformations; moreover, products of such traces
are again gauge invariant. Operators containing one trace are conventionally called single-
trace operators, whereas operators containing more than one trace are called multi-trace
operators.
At innite N , no relations exist between single- and multi-trace operators and a basis
of the latter can be generated from the former, such that it suces to consider single-trace
operators. Due to their cyclicity, single-trace operators can be thought of as necklaces
built from a set of beads, and counted using Polya theory. This observation was used
by Sundborg [5] to calculate the free partition function of N = 4 SYM theory at innite
N . This combinatorial approach was later extended to include the rst correction in the
't Hooft coupling  = g2YMN , to chemical potentials and to related theories [6{15].
An important property displayed by the partition function at innite N is Hagedorn
behavior | an exponential growth of the density of states with energy. This can even be
seen without knowledge of the full partition function, by a rough estimate of the density of
states. Following ref. [3], consider as a toy model the so-called su(2) sector of N = 4 SYM
theory, which is constructed from two complex scalars, say X = 1 + i4 and Y = 2 + i5,
each having bare scaling dimension and thus energy E =  = 1. The number of single-trace
states built from E of these scalars, (E), can be estimated to be 2
E
E  (E)  2E , where
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the division by E in the lower bound overaccounts for the fact that a trace is invariant
under the E cyclic permutations of the E matrices in it, and this fact is neglected in the
upper bound. Both of the bounds, and thus also (E), grow exponentially with E as
(E)  eE log 2, such that a single-trace partition function Z(T ) = PE (E)e E=T given
by this density of states diverges at the Hagedorn temperature T
su(2);tree
H = 1= log 2, and
so does the full multi-trace partition function.1 The Hagedorn behavior is present in all
(non-trivial) subsectors of the theory, including the full theory; the dierent eld content
only eects the value of the Hagedorn temperature. The Hagedorn temperature of the full
N = 4 SYM theory was calculated via the partition function at tree level [5] and at rst
order in  [6]. In the dual string theory, the Hagedorn behavior of the gauge theory is
reected in the well-known Hagedorn behavior of free (or tree-level) string theory [17].
In the planar limit, the scaling dimensions of all operators in N = 4 SYM theory are
in principle known via integrability; see refs. [18, 19] for reviews.2 Using integrability, also
the Hagedorn temperature of N = 4 SYM theory and thus type IIB superstring theory on
AdS5S5 can be calculated at any value of the coupling [21, 22]; explicit results exist both
numerically at nite coupling as well as analytically up to the seventh order in  [23, 24]
at weak coupling. At large , it asymptotes to the Hagedorn temperature of type IIB
superstring theory in ten-dimensional Minkowski space [22] calculated in ref. [25].
At nite N , so-called trace relations exist that relate single-trace operators with more
that N elds to sums of multi-trace operators.3 As a consequence, the thermodynamic
behavior at large but nite N drastically diers from the one at innite N . In particular,
the trace relations cut o the exponential growth of the density of states with the energy for
E > N , such that no Hagedorn behavior occurs for nite N , no matter how large.4 While
the low-temperature phase ceases to exist at the Hagedorn temperature, the (connement-
deconnement) phase transition at large but nite N occurs at the lower critical temper-
ature Tc  TH . On the dual string-theory side, nite N corresponds to a non-vanishing
string coupling, which allows for the Hawking-Page transition to a black hole.5
At tree level, the partition function at nite N can be written as a power series in
x = e 1=T , where the coecients are written in terms of Littlewood-Richardson coecients
counting the number of color singlets in a tensor product of adjoint U(N) representations,
or characters of the symmetric group Sn [3, 43]. This sum representation, to which we
refer as `character formula', was used to obtain closed expressions for the free unrened
1The restriction to a subsector of the full theory can be thought of as the following limit in the partition
function. Take (
1; : : : ;
5) = (n1
; : : : ; n5
) for some n1; : : : n5 and consider 
! 1 with T 0 = T=(1  
)
xed. Then, only states from a specic subsector survive in the sum over all states that denes the partition
function. To select for instance the su(2) sector, one can choose (n1; : : : ; n5) = (1; 1; 0; 0; 0). This reasoning
can also be extended to non-vanishing coupling to obtain a decoupling limit, see e.g. ref. [16].
2Interestingly, also the superconformal index could be calculated via a Bethe ansatz [20].
3A basis of operators at nite N is given by so-called Schur operators [26{28].
4This is also consistent with the known fact from statistical physics that the partition function of a
system with a nite number of degrees of freedom on a compact space cannot have divergences at nite
temperature.
5Further aspects of the thermodynamic behavior at nite N , also for further systems, have been studied
in refs. [29{42].
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partition function in the su(2) sector for N  5 (as well as for larger numbers of complex
scalars) [44] and extended to the rened partition function for N  4 [45], starting from
an ansatz as a rational function in x.
A powerful alternative mathematical formulation of the partition function is obtained
by translating this problem from representation theory to invariant theory: in this context,
the rened tree-level partition function in the su(2) sector is the bigraded Poincare series
of U(N) invariants of two Hermitian matrices, which is the same as the bigraded Poincare
series of GL(N) invariants of two generic matrices. Invariant theory provides an integral
representation for this Poincare series and its extension to more matrices, known as the
Molien-Weyl formula, which proves to be an easier avenue to closed expressions of the
partition functions at nite N than the power-series representation. In particular, the
bigraded Poincare series of GL(N) invariants of two generic NN matrices was calculated
for N  6 already long ago [46{49].6
In this paper, we employ the Molien-Weyl formula to obtain the tree-level partition
function in the su(2) sector at N = 7. More importantly, we nd strong evidence that the
Hagedorn temperature at innite N is replaced by so-called Lee-Yang behavior [51] at large
but nite N : the zeros of the partition function appear to condense into two arcs in the
complex x = e 1=T plane that pinch the real axis at the critical temperature Tc. In the case
of the su(2) sector at tree level, we nd T
su(2);tree
c = T
su(2);tree
H = 1= log 2, which is consistent
with the ndings of ref. [3] that Tc and TH coincide in the free theory. This main result
of our paper is also reminiscent of the work of Witten and Maloney [52], who found that
the Hawking-Page phase transition in three-dimensional quantum gravity is of Lee-Yang
type. Moreover, Lee-Yang zeros are used in the context of lattice QCD to detect phase
transitions, see e.g. refs. [53{57]. Finally, we use the generalization of the Molien-Weyl
formula to a general eld content [50] to generate many further explicit results.
The remainder of this paper is structured as follows. In section 2, we review the innite
sum representation of the free partition function at nite N and recall how it reproduces the
innite N results as N ! 1. Moreover, we present the generalized Molien-Weyl formula
for the nite-N partition function, which is an integral representation. In section 3, we
demonstrate how the Molien-Weyl formula can be used to obtain explicit expressions for
the free partition function in the su(2) sector at xed N , obtaining new results at N = 7.
Furthermore, we show how the zeros of these partition functions condense in two arcs in the
complex x = e 1=T plane, indicating Lee-Yang behavior. In section 4, we proceed to larger
sectors. We obtain explicit results for the free partition function in the fermionic su(2j3)
sector for N  5, which conrm the Lee-Yang behavior observed in the purely bosonic su(2)
sector in the previous section. Moreover, we also give the Molien-Weyl formula in the non-
compact bosonic sl(2) sector, in the higher-rank, non-compact, fermionic psu(1; 1j2) sector,
as well as in the full theory. As a proof of principle, we evaluate the integral formulas in the
sl(2) and psu(1; 1j2) sector explicitly for N = 2. Our conclusion and outlook can be found
in section 5. Three appendices provide details on the derivation of the character formula
(appendix A), the generalized Molien-Weyl formula (appendix B) and the calculation of
the partition function in the psu(1; 1j2) sector at N = 2 (appendix C).
6In the context of partition functions in gauge theories, such a representation was used in ref. [50].
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2 Partition functions at innite and nite N
In this section, we present two dierent (but mathematically equivalent) methods to eval-
uate the (rened) partition function for free gauge theories on R  S3. We take these
gauge theories to contain a general number and type of elds transforming in the adjoint
representation of the gauge group U(N).
2.1 The character formula
The rst method takes the form of an innite sum and was developed in refs. [3, 43]. Since
it makes use of group characters, we refer to it as the `character formula'. We review its
derivation in appendix A, and simply quote the resulting expression here:
Z() =
1X
n=0
X
k`n
X
r`n
nY
j=1
z(j)kj
kj !jkj
jr(k)j2 ; (2.1)
where  = 1=T , k and r are both integer partitions of n labeling the irreducible represen-
tations of the symmetric group Sn and U(N), respectively, and r(k) is the character of a
group element with cycle structure k in representation r.7 The Young tableau correspond-
ing to the partition r is limited to have at most N rows.
The (rened) single-particle partition function z() is obtained by summing over all
elds of the theory:
z() =
X
elds
e ( 
P3
i=1 
iJi 
P2
a=1 
a+3Sa) : (2.2)
In the case of N = 4 SYM theory, these are the elds corresponding to the spins in the
spin-chain picture, transforming in the so-called singleton representation of the symmetry
algebra psu(2; 2j4); see e.g. ref. [59]. In the su(2) sector, we only have two complex scalar
elds X = 1 + i4 and Y = 2 + i5, which have vanishing spins and R charges JX = X1,
JY = Y 2. The (rened) single-particle partition function in this sector is thus z() =
e (1 
1)+e (1 
2). If the theory contains fermions, z(j) in eq. (2.1) is to be understood
as shorthand:
z(j)  zB(j)  ( 1)jzF (j) ; (2.3)
where zB() and zF () are the single-particle partition functions for the bosonic and
fermionic elds, respectively:
zB=F () =
X
bosonic/fermionic elds
e ( 
P3
i=1 
iJi 
P2
a=1 
a+3Sa) : (2.4)
The single-particle partition function starts at least at order O(x1) in x  e   e 1=T ,
since the minimal bare scaling dimension of a eld in four dimensions is  = 1. This
means that we can evaluate the partition function up to order O(xL) by only calculating
the terms with n  L, allowing a method for calculation of the power expansion of the
7Recall that the characters of Sn only depend on the conjugacy class of a group element, which is
specied by the cycle structure [58].
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partition function. If the structure of the partition function is simple enough, it is possible
to guess the full exact function from a limited number of terms in the power expansion.
This method was used in ref. [44] for the su(q) `sector'8 (with unrened single-particle
partition function z(x) = qx) to calculate exact, unrened partition functions for N  5
in the case of q = 2 and for N  3 in the cases q = 3; 4; 5, based on an ansatz as a
rational function in x. The extension to rened partition functions with non-zero chemical
potentials was investigated in ref. [45] for N  4 in the case q = 2, for N  3 in the case
q = 3 and for N  2 in the case q = 4. The disadvantage of the character formula is that
the exact expressions for the partition functions can be very complicated, especially as N
increases. In this case, the exact partition functions are very hard to guess from the power
expansion as many more terms are needed; cf. our explicit results in sections 3 and 4.9
Let us now consider what happens in the limit of N going to innity. If n  N , the
sum over partitions r is unrestricted and we can use the row orthogonality of the characters
to show [58]: X
r`n
jr(k)j2 =
nY
j=1
kj !j
kj : (2.5)
For innite N , we can insert this back into eq. (2.1), which yields the simple expression [5]
ZN!1() =
1X
n=0
X
k`n
nY
j=1
z(j)kj : (2.6)
Notice that the sums over n and partitions k ` n can be replaced by an innite set of sums
over kj from 1 to 1. These kj correspond to the number of rows with length j in the
Young tableau corresponding to k. Then we have the simple expression
ZN!1() =
1Y
j=1
1X
kj=1
z(j)kj =
1Y
j=1
1
1  z(j) : (2.7)
The partition function in this limit clearly diverges when z(j) = 1 for j = 1; 2; : : : . The
temperature of the lowest pole at z(H = 1=TH) = 1 corresponds to the Hagedorn temper-
ature for innite N [5], which coincides with the connement-deconnement temperature
in the free theory [3].
2.2 The Molien-Weyl formula
Another method to calculate partition functions for gauge theories is given by the Molien-
Weyl formula. In general, the Molien-Weyl formula is a way to generate the Hilbert or
Poincare series for a ring of group invariants. In the context of high-energy physics, it
has been applied for example to count chiral gauge-invariant operators in SQCD (see e.g.
ref. [60] and references therein) as well as for BSM-EFT (see e.g. ref. [61] and references
therein).
8N = 4 SYM theory contains of course only three complex scalars, and the su(3) sector is not closed
beyond one-loop, closing to the larger su(2j3) sector which we treat in section 4.1.
9Moreover, the computational cost of any given order also increases with N .
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An explicit Molien-Weyl formula for the free partition function of N = 4 SYM theory
with gauge group U(N) and any eld content was given in ref. [50]. We review its derivation
in our conventions and notation in appendix B. The resulting expression is10
ZN (x) = (ZN=1(x))N 1
(2i)N 1
I
jt1j=1
dt1
t1
  
I
jtN 1j=1
dtN 1
tN 1
Y
1krN 1
1  tk;r
k;r
; (2.8)
where x  e  = e  1T , tk;r = tktk+1    tr and
ZN=1(x) =
Q
fermionic elds(1 + x
~)Q
bosonic elds(1  x ~)
; (2.9)
k;r =
Q
bosonic elds(1  x ~tk;r)(1  x ~t 1k;r)Q
fermionic elds(1 + x
~tk;r)(1 + x
~t 1k;r)
; (2.10)
with
~ =  
3X
i=1

iJi  
2X
a=1

a+3Sa : (2.11)
The products run over all bosonic respectively fermionic elds in the theory with  denoting
the conformal dimensions of the elds, Sa their spin and Ji their R-charge. Note that,
compared to the character formula, the eld content now appears as a product instead of
a sum. The integrals all run over the unit circle in the complex planes of the tj . Because
of this, we can use residue theory to replace each integral by a sum over all residues within
the unit circle.
Note that the partition function in the case of N = 1, ZN=1(x) in eq. (2.9), simply
contains one Bose-Einstein factor for each bosonic eld and one Fermi-Dirac factor for each
fermionic eld. Restricting furthermore to only bosons, the algebra of gauge invariants in
this case is freely generated from tr(), where  is running over all elds of the theory; it
is simply a polynomial ring.
As an important special case, consider again the su(2) sector composed of two scalar
elds X = 1 + i4 and Y = 2 + i5 with conformal dimensions X = Y = 1, vanishing
spins and R charges JX = X1, JY = Y 2. The Molien-Weyl formula (2.8) then reduces to
the form [47{49]:
Zsu(2)N (x1; x2) =
1
(1  x1)N (1  x2)N
 1
(2i)N 1
I
jt1j=1
dt1
t1
  
I
jtN 1j=1
dtN 1
tN 1
Y
1krN 1
1  tk;r
k;r
;
(2.12)
where
k;r = (1  x1tk;r)(1  x2tk;r)(1  x1t 1k;r)(1  x2t 1k;r) : (2.13)
10The partition function for gauge group SU(N) can be trivially obtained by replacing (ZN=1(x))N !
(ZN=1(x))N 1 in eq. (2.8).
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Moreover, we now used the parameters x1 = e
 (1 
1) , x2 = e (1 
2) as shorthand
notation for the corresponding Boltzmann factors with distinct chemical potentials.
As was shown in the context of invariant theory in ref. [47], the Molien-Weyl formula
in the su(2) sector has an interesting property under inversion of its arguments:11
Zsu(2)N (1=x1; 1=x2) = ( 1)N 1(x1x2)N
2Zsu(2)N (x1; x2) : (2.14)
Let us briey sketch the proof [47] of this property, restricting ourselves to the case of
vanishing chemical potentials for simplicity, x1 = x2 = x. In this case, the integrand (2.12)
is easily seen to transform with a factor x2N
2
when sending x ! 1=x. It has poles at
tN 1 2 rN 1(x) [ rN 1(1=x), where rn(x) =
n
x; xt1 ;
x
t1t2
; : : : ; xt1t2:::tn 1
o
. Since 0  T <1
in the physical case, we usually assume that jxj < 1, such that the poles rN 1(x) are
within the unit circle. The contour integral over the unit circle in tN 1 then results in the
sum over the residues at the poles rN 1(x). Sending x! 1=x results in the sum over the
residues at the poles rN 1(1=x), which are the poles outside of the unit circle. As the sum
of the residues at all poles vanishes via Cauchy's integration theorem, the two previous
sums dier by a global sign. Having integrated in tN 1 to ta+1, the integrand in ta can
be shown to have poles at ra(x) [ ra(x2) [    [ ra(xN+1 a) [ ra(1=x) [ ra(1=x2) [    [
ra(1=x
N+1 a). Sending x ! 1=x makes the contour integral in ta pick up the residues at
the poles ra(1=x)[ra(1=x2)[  [ra(1=xN+1 a) instead of ra(x)[ra(x2)[  [ra(xN+1 a),
again resulting in a global sign. Combining the eects of all N  1 contour integrations, we
thus arrive at a global sign ( 1)N 1, concluding the proof. Note that it was crucial for the
proof that no residues at ti = 0 or ti =1 existed, since these positions do not change when
sending x ! 1=x. For a dierent eld content, the integrand of the Molien-Weyl formula
can in fact have poles at ti = 0 and ti = 1, such that no analog of the property (2.14)
exists; we will encounter concrete examples of this in section 4. The physical interpretation
of the property (2.12) is as follows: after taking a Casimir energy xN
2
for X and Y into
account, the partition function is symmetric (up to a sign) under temperature inversion
T !  T , a symmetry that was studied in detail for many other systems in refs. [62{64].12
3 The su(2) sector and Lee-Yang behavior
Using the Molien-Weyl formula (2.12), the free rened partition functions in the su(2)
sector built from two complex scalars X = 1 + i4 and Y = 2 + i5 can be calculated as
a sum of residues. Explicit results for N  6 were originally calculated via its identication
with the Poincare series of GL(N) invariants of two generic matrices [46{49].13 We have
extended these known results by calculating the rened partition function for N = 7, using
a specialized Mathematica code with a computation time of approximately 3 days on a
desktop machine. We attach the rened partition functions in the supplementary material
su2partitionfunctions.m.
11This property has an immediate generalization to the su(q) sector.
12Interestingly, the temperature reection symmetry is absent in this sector for innite N , cf. eq. (2.7).
13For N  5, the results for the unrened partition function have also been independently rederived in
ref. [44] by making an ansatz and determining the coecients via the character formula (2.1).
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Below, we give the simpler, unrened partition function, which are obtained by setting
the chemical potentials to zero, i.e. setting x1 = x2 = x  e 1=T . For N = 1, the matrices
are numbers and the partition function is simply obtained via the geometric series:
Zsu(2)N=1 (x) =
1
(1  x)2 ; (3.1)
as can be seen immediately from eq. (2.12).
For N = 2, we have [46]
Zsu(2)N=2 (x) =
1
(1  x)2(1  x2)3 : (3.2)
This has again the form of a geometric series. Indeed, it was shown in ref. [46] that the
algebra of gauge invariants in this case is generated freely by tr(X), tr(Y ), tr
 
X2

, tr(XY )
and tr
 
Y 2

.
For N = 3, we have [47]
Zsu(2)N=3 (x) =
1 + x6
(1  x)2(1  x2)3(1  x3)4(1  x4) =
1  x2 + x4
(1  x)2(1  x2)4(1  x3)4 : (3.3)
Note that the partition function for N = 3 has not the form of a geometric series, indi-
cating that the algebra of gauge invariants is not freely generated. The elements tr(X),
tr(Y ), tr
 
X2

, tr(XY ), tr
 
Y 2

, tr
 
X3

, tr
 
X2Y

, tr
 
XY 2

, tr
 
Y 3

and tr
 
X2Y 2

are al-
gebraically independent; they do not generate the full algebra though, only a subalgebra
C. The full algebra of gauge invariants is obtained as C   C tr XYX2Y 2, as reected
in the numerator and denominator of the rst form in eq. (3.3), cf. ref. [47].14
For N = 4, we have [48]
Zsu(2)N=4 (x) =
1  x  x2 + 2x4 + 2x5   4x7 + 2x9 + 2x10   x12   x13 + x14
(1  x)3(1  x2)4(1  x3)5(1  x4)5 ; (3.4)
In this case, an identication of the minimal set of generating traces similar to N = 3
becomes quickly quite tedious [48].
For N = 5 and N = 6, we have [49]
Zsu(2)N=5 (x) =
P40(x)
(1  x)0(1  x2)6(1  x3)8(1  x4)6(1  x5)6 ; (3.5)
with
P40(x) = 1 + 2x  6x3   9x4 + 2x5 + 25x6 + 38x7 + 17x8   34x9
  68x10   34x11 + 73x12 + 176x13 + 171x14 + 34x15   127x16
  156x17   2x18 + 218x19 + 322x20 + 218x21   2x22   156x23
  127x24 + 34x25 + 171x26 + 176x27 + 73x28   34x29   68x30
  34x31 + 17x32 + 38x33 + 25x34 + 2x35   9x36   6x37 + 2x39 + x40 ;
(3.6)
14The form of the partition function can also be analyzed via the so-called plethystic logarithm, see e.g.
refs. [44, 65{67].
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and
Zsu(2)N=6 (x) =
P70(x)
(1  x)5(1  x2)3(1  x3)6(1  x4)9(1  x5)7(1  x6)7 ; (3.7)
with
P70(x) = 1  3x+ 3x2   3x3 + 3x4 + 4x5   2x6   8x8   8x9
+ 11x10 + x11 + 56x12   24x13 + 48x14   69x15   9x16 + 2x17
+ 78x18 + 118x19 + 223x20 + 23x21 + 158x22   182x23 + 221x24
  42x25 + 600x26 + 365x27 + 633x28 + 324x29 + 303x30   31x31
+ 484x32 + 178x33 + 1055x34 + 518x35 + 1055x36 + 178x37 + 484x38
  31x39 + 303x40 + 324x41 + 633x42 + 365x43 + 600x44   42x45
+ 221x46   182x47 + 158x48 + 23x49 + 223x50 + 118x51 + 78x52
+ 2x53   9x54   69x55 + 48x56   24x57 + 56x58 + x59 + 11x60
  8x61   8x62   2x64 + 4x65 + 3x66   3x67 + 3x68   3x69 + x70 :
(3.8)
For N = 7, we found the following new result:
Zsu(2)N=7 (x) =
P136(x)
(1  x)0(1  x2)4(1  x3)8(1  x4)12(1  x5)10(1  x6)8(1  x7)8 ; (3.9)
where
P136(x) = 1 + 2x+ 2x
2   2x3   12x4   20x5   10x6 + 38x7 + 124x8 + 202x9 + 186x10
  2x11   312x12   494x13   82x14 + 1364x15 + 3935x16 + 7080x17
+ 9761x18 + 11190x19 + 12188x20 + 16284x21 + 29980x22 + 61276x23
+ 117046x24 + 200524x25 + 311834x26 + 452462x27 + 634771x28
+ 891852x29 + 1284256x30 + 1896942x31 + 2828447x32 + 4174570x33
+ 6021068x34 + 8452156x35 + 11582747x36 + 15602230x37 + 20815499x38
+ 27651402x39 + 36633392x40 + 48308938x41 + 63176460x42 + 81638768x43
+ 104026405x44 + 130676134x45 + 162046094x46 + 198782434x47
+ 241699563x48 + 291628632x49 + 349196244x50 + 414593302x51
+ 487467350x52 + 566967546x53 + 651962894x54 + 741302716x55
+ 834019828x56 + 929323032x57 + 1026404662x58 + 1124098904x59
+ 1220612186x60 + 1313438250x61 + 1399593383x62 + 1476059720x63
+ 1540326729x64 + 1590748212x65 + 1626630377x66 + 1647969244x67
+ 1655036460x68 + 1647969244x69 + 1626630377x70 + 1590748212x71
+ 1540326729x72 + 1476059720x73 + 1399593383x74 + 1313438250x75
+ 1220612186x76 + 1124098904x77 + 1026404662x78 + 929323032x79
+ 834019828x80 + 741302716x81 + 651962894x82 + 566967546x83
+ 487467350x84 + 414593302x85 + 349196244x86 + 291628632x87
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+ 241699563x88 + 198782434x89 + 162046094x90 + 130676134x91
+ 104026405x92 + 81638768x93 + 63176460x94 + 48308938x95 + 36633392x96
+ 27651402x97 + 20815499x98 + 15602230x99 + 11582747x100 + 8452156x101
+ 6021068x102 + 4174570x103 + 2828447x104 + 1896942x105 + 1284256x106
+ 891852x107 + 634771x108 + 452462x109 + 311834x110 + 200524x111
+ 117046x112 + 61276x113 + 29980x114 + 16284x115 + 12188x116
+ 11190x117 + 9761x118 + 7080x119 + 3935x120 + 1364x121   82x122
  494x123   312x124   2x125 + 186x126 + 202x127 + 124x128 + 38x129
  10x130   20x131   12x132   2x133 + 2x134 + 2x135 + x136 : (3.10)
The numerators of all partition functions are given by palindromic polynomials in x.
This is a consequence of the partition functions being invariant under x ! x 1 up to an
overall factor of ( 1)N 1x2N2 , as shown in ref. [47]15 and discussed below eq. (2.12). As
also mentioned below eq. (2.12), this property can be interpreted as a symmetry under
temperature reection (T !  T ) up to a sign when including a Casimir energy of N2,
i.e. a Casimir energy of 1=2 per real degree of freedom in each of the matrices X and
Y . The maximal orders of the (maximally canceled) polynomials increase rapidly with
N : 0; 0; 4; 14; 40; 70; 136; : : : for N = 1; 2; 3; 4; 5; 6; 7; : : : . The general structure of these
polynomials for any N remains to be found; as can be seen from eq. (3.3), the pattern is
also prone to being obscured by cancellations between numerator and denominator.
The denominators of the partition functions are built from products of (1 xi)pi , with
i = 1; : : : ; N . The powers, pi, all sum up to N
2 + 1. Thus for x ! 1 or T ! 1, the
partition functions all have limits of the form
ZN (x)  aN
(1  x)N2+1 for T !1 ; (3.11)
with aN some constant. This property was shown in ref. [44] in the more general setting
of the su(q) sector using eq. (2.1), and it was argued that at high temperatures the su(q)
sector on a compact space behaves as (q   1)N2 + 1 independent harmonic oscillators.
In gure 1, we plot all zeros of the unrened partition functions in the complex plane
of x = e 1=T for N = 4; : : : ; 7. Remarkably, the right-most group of zeros appears to
`condense' in two arcs pinching the real axis, signaling a phase transition of Lee-Yang
type [51]. The number of zeros on each arch for N = 1; : : : ; 7 is 0; 0; 1; 3; 6; 10; 15, which
exactly follows the prescription (N   1)(N   2)=2. Along with the observation that the
zero closest to the real axis appears to inch closer and closer for each value of N , this
further solidies the hypothesis that the zeros are condensing on these two arcs pinching
the real axis. Furthermore, the arcs appear to pinch the real axis just around the point
x
su(2);tree
c = 1=2 or T
su(2);tree
c = 1= ln 2, which is the Hagedorn temperature at innite N .16
15The fact that the numerator polynomials are palindromic was also independently observed in examples
in ref. [44].
16Note that there appear to be also further, smaller arcs, away from the positive real axis. The most
prominent of these appear to pinch the negative real axis at x =  1=p2, which is a solution to z(j) = 1
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Figure 1. Zeros of the su(2) partition functions for N = 4 : : : 7 plotted in the complex plane of
x = e 1=T . The right-most zeros appear to `condense' in two arcs pinching the real axis just around
the Hagedorn temperature x
su(2);tree
H = 1=2 of the innite-N theory. This hints at a phase transition
of Lee-Yang type.
This hints at the remarkable result that for large but nite N , the Hagedorn behavior
is replaced by Lee-Yang behavior. (Recall that the Hagedorn temperature is expected to
coincide with the connement-deconnement temperature in the free theory, while the two
are expected to dier at higher loop order [3].) Via the AdS/CFT correspondence, also
the Hawking-Page transition of type IIB superstring theory on AdS5  S5 should thus be
of Yang-Lee type.
Our nding is reminiscent of the work of Maloney and Witten [52], who investigated the
Hawking-Page phase transition in three-dimensional quantum gravity and found it to be of
Lee-Yang type. With gravity being considerably simpler in three dimensions than in higher
dimensions, it was also possible to rigorously prove the condensation of the zeros in this
case. Moreover, the condensation of Lee-Yang zeros is in fact a well-known phenomenon
in the eld of lattice QCD; see for instance refs. [53{57].
From the explicit partition functions for N  7, we can also investigate the low- and
high-temperature regimes of the su(2) sector. In gure 2, we plot the logarithm of the
partition functions for N = 1; : : : ; 7, which is proportional to the free energy; cf. eq. (1.2).
for j = 2, i.e. it is the position of a higher Hagedorn pole, cf. eq. (2.7) and the discussion below it. It would
be interesting to develop a better understanding of these further arcs.
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Figure 2. Plots of the logarithm of the su(2) partition functions for N = 1; : : : ; 7 in the low
temperature regime (left) with x = 0:01 and the high temperature regime (right) with x = 0:99.
The plot on the left includes a constant line at lnZsu(2)N=7 (x = 0:01)  0:020405, for comparison. On
the right, we t the data to the function c2  N2 + c0, with an R2-value of 0:999951. As evident
from the respective plots, the free energy scales as N0=N2 in the low/high temperature regime.
On the left, we have set x = 0:01 corresponding to T  0:217. On the right, we have
x = 0:99 corresponding to T  99:5. Using a t, we observe that the free energy scales as
N0=N2 in the low/high temperature regime, a clear sign of a connement-deconnement
phase transition as described in ref. [2].
4 Generalization to larger sectors
We now proceed to larger sectors. Including fermions on top of scalars, we nd further
evidence for Lee-Yang behavior in the su(2j3) sector in subsection 4.1. We next go to the
non-compact sl(2) sector, which includes arbitrary numbers of covariant derivatives on a
single complex scalar. While the Molien-Weyl formula now requires to sum over innitely
many residues, it can still be evaluated, and we demonstrate how this can be done explicitly
for N = 2 in subsection 4.2. In subsection 4.3, we show that the same procedure also
works for the non-compact higher-rank psu(1; 1j2) sector, which contains complex scalars,
fermions and covariant derivatives. Finally, we give the Molien-Weyl formula for the full
theory in subsection 4.4.
4.1 su(2j3) sector
We now include fermions in the discussion, and investigate the su(2j3) sector built from
three complex scalars X = 1 + i4, Y = 2 + i5, Z = 3 + i6 and two fermions  
=1
4
and  =24 . While the scalars have classical scaling dimension  = 1, the fermions have
classical scaling dimension  = 3=2, resulting in the single-particle partition functions
zB(x) = 3x ; zF (x) = 2x
3=2 : (4.1)
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Using eq. (2.8) in the su(2j3) sector, we obtain the Molien-Weyl formula
Zsu(2j3)N (x) =
(1 + x3=2)2N
(1  x)3N
1
(2i)N 1
I
jt1j=1
dt1
t1
  
I
jtN 1j=1
dtN 1
tN 1
Y
1krN 1
1  tk;r
k;r
;
(4.2)
where x = e 1=T , tk;r = tktk+1    tr and
k;r =
(1  xtk;r)3(1  xt 1k;r)3
(1 + x3=2tk;r)2(1 + x3=2t
 1
k;r)
2
: (4.3)
Note that we are restricting ourselves to the unrened partition function here for simplicity;
the rened one can be obtained in a similar way.
As was the case with the su(2) sector, we can evaluate this formula for low values of
N by replacing the integrals over the complex unit circle of ti with sums over the residues
contained within it. Using this procedure, we were able to compute the su(2j3) partition
functions for N  5 via Mathematica, as shown below. Since the fermions contribute
with half-integer scaling dimensions, it is convenient to introduce a  px = e  12T . We
include our full results in the supplementary material su2slash3partitionfunctions.m.
For N = 1, we have
Zsu(2j3)N=1 (a) =
(1 + a3)2
(1  a2)3 : (4.4)
For N = 2, we nd
Zsu(2j3)N=2 (a) =
(1 + a)3(1 + a3)4
(1  a2)4(1  a4)5  P11(a) ; (4.5)
where
P11(a) = 1  3a+ 5a2   9a3 + 16a4   18a5 + 19a6   21a7 + 17a8   9a9 + 7a10   3a11 :
(4.6)
For N = 3, we nd
Zsu(2j3)N=3 (a) =
(1 + a)10(1 + a3)6
(1  a2)4(1  a4)8(1  a6)7  P50(a) ; (4.7)
where
P50(a) = 1  10a+ 54a2   214a3 + 698a4   1972a5 + 4977a6   11458a7 + 24401a8
  48556a9 + 90987a10   161476a11 + 272627a12   439456a13 + 678225a14
  1004446a15 + 1430189a16   1960780a17 + 2591626a18   3305714a19
+ 4072484a20   4848720a21 + 5581917a22   6215426a23 + 6695473a24
  6978320a25 + 7036587a26   6863412a27 + 6473870a28   5902598a29
+ 5199179a30   4421048a31 + 3625988a32   2865264a33 + 2178627a34
  1591448a35 + 1114790a36   747174a37 + 477876a38   290730a39
+ 167604a40   91122a41 + 46455a42   22050a43 + 9654a44
  3852a45 + 1380a46   432a47 + 114a48   24a49 + 3a50 :
(4.8)
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For N = 4, we nd
Zsu(2j3)N=4 (a) =
(1 + a)18(1 + a3)11
(1  a2)6(1  a4)8(1  a6)10(1  a8)9  P119(a) ; (4.9)
where P119(a) is a polynomial of degree 119. Since P119(a) is one page long, we refrain
from printing it here; the interested reader can nd it in machine-readable form in the
supplementary material su2slash3partitionfunctions.m. For N = 5, we nd
Zsu(2j3)N=5 (a) =
(1 + a)18(1 + a3)18(1 + a5)10
(1  a4)12(1  a6)16(1  a8)12(1  a10)11  P219(a) ; (4.10)
where P219(a) is a two-and-a-half pages long polynomial of degree 219 which can equally
be found in the supplementary material su2slash3partitionfunctions.m.
Note that the polynomials in the numerator are not palindromic, in contrast to the
su(2) sector. Recall that in the su(2) sector, the palindromicness is a consequence of the
uniform transformation behavior of the partition function under x ! x 1, which can be
proven via the Molien-Weyl formula. Its proof required the poles of the integrand at zero
and innity (or rather the corresponding residues) to vanish. Indeed, the Molien-Weyl
formula (4.2) in the su(2j3) sector has non-vanishing residues at innity, which spoil this
property.17
In the su(2) sector, we found compelling evidence that the Hagedorn behavior at innite
N is replaced by Lee-Yang behavior at large but nite N , from observing a condensation of
the zeros of the partition function in the complex x = e 1=T plane. In gure 3, we plot the
zeros of the su(2j3) partition functions for N  5 in the complex a = e  12T plane and observe
a similar condensation of the zeros into two main arcs that appear to pinch the real axis.
From eq. (2.7), we see that the Hagedorn temperature of the su(2j3) sector at innite N is
given by the lowest positive solution to the equation 1 = z(a) = zB(a)+zF (a) = 3a
2 +2a3,
which is at a
su(2j3);tree
H = 1=2 corresponding to T
su(2j3);tree
H = 1=2 ln 2. (Recall again that
Tc = TH in the free theory [3].) In gure 3, the zeros appear to pinch the real axis exactly
at a
su(2j3);tree
H = 1=2, further supporting the statement that Lee-Yang behavior replaces
Hagedorn behavior at nite N .
4.2 sl(2) sector
The sl(2) sector is built from one complex scalar, say X = 1 + i4, and a single light-
like covariant derivative that can act on it, say D  D=1; _=1 , resulting in elds of
type Di 1X for i = 1; 2; 3 : : : .18 Since Di 1X = i, we have the single-particle partition
function
z(x) =
1X
i=1
xi =
x
1  x : (4.11)
17Note that temperature inversion symmetry is in general only expected to hold in the full theory [63].
18Recall that  = (1; 1; 2; 3), where i are the usual Pauli matrices.
{ 15 {
J
H
E
P10(2020)006
 1  0:8  0:6  0:4  0:2 0:2 0:4 0:6 0:8 1 1:2 1:4
 1:2
 1
 0:8
 0:6
 0:4
 0:2
0:2
0:4
0:6
0:8
1
1:2
N = 2
N = 3
N = 4
N = 5
Figure 3. Zeros of the free partition functions in the su(2j3) sector for N = 2 : : : 5 plotted in the
complex plane of a = e 
1
2T . The right-most zeros appear to `condense' in two arcs pinching the
real axis just around the Hagedorn temperature a
su(2j3);tree
H = 1=2 of the innite-N theory. This
hints at a phase transition of Lee-Yang type.
Considering the sector as composed from an innite set of elds with scaling dimensions
i = i, we obtain the following Molien-Weyl formula from eq. (2.8):
Zsl(2)N (x) =
 1Y
i=1
1
1  xi
!N
1
(2i)N 1
I
jt1j=1
dt1
t1
  
I
jtN 1j=1
dtN 1
tN 1
Y
1krN 1
1  tk;r
k;r
;
(4.12)
where tk;r = tktk+1    tr and
k;r =
1Y
i=1
(1  xitk;r)(1  xit 1k;r) : (4.13)
For N = 1, the Molien-Weyl formula (4.12) simply reduces to
Zsl(2)N=1(x) =
1Y
i=1
1
1  xi ; (4.14)
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which is an innite product of geometric series.19 Under temperature inversion T !  T ,
this expression transforms to ix 
1
12Zsl(2)N=1(x); it is thus invariant when including x 
1
24 as
Casimir energy.20
For N = 2, we have
Zsl(2)N=2(x) =
 1Y
i=1
1
1  xi
!2
1
2i
I
jt1j=1
dt1
t1
1  t1
1;1
; (4.15)
where
1;1 =
1Y
i=1
(1  xit1)(1  xit 11 ) : (4.16)
This integral can be evaluated using the residue theorem by summing over all residues
within the unit circle. Since 1;1 diverges more rapidly than linearly at t1 = 0, there is no
pole at t1 = 0 and the relevant poles come from the factor 1;1 in the denominator. Since
jxj < 1, only the poles at t1 = xi are within the unit circle. Consider rst one of the poles
at t1 = x
j , where the residue is
Rest1=xj

1  t1
t1
1Q1
i=1(1  xit1)(1  xit 11 )

= (1  xj) 1Q1
i=1(1  xixj)
1Q1
i=1
i 6=j
(1  xix j) :
(4.17)
Next, we split
Q1
i=1
i 6=j
(1  xix j) = Q1i=j+1(1  xi)Q 1i=1 j(1  xi). Since
 1Y
i=1 j
(1  xi) =
j 1Y
i=1
(1  xi)( x i) = ( 1)
j 1
xj(j 1)=2
j 1Y
i=1
(1  xi) ; (4.18)
we can simplify the expression by collecting terms:
Rest1=xj [   ] =
( 1)j 1x j(j 1)2 (1  xj)2Q1
i=1(1  xi)2
: (4.19)
Summing over all residues in t1 = x
j for j 2 N, we obtain
Zsl(2)N=2(x) =
P1
i=1( 1)i 1x
i(i 1)
2 (1  xi)2Q1
i=1(1  xi)4
: (4.20)
Note that the numerator is now an innite sum instead of a polynomial as in the compact
su(2) and su(2j3) sectors.21 Each term in the sum in Zsl(2)N=2 transforms with a dierent
19The inverse of this innite product is sometimes called Euler function, and it can equally be expressed
in terms of the Dedekin  function () = q
1
24
Q1
n=1(1  qi) with q = e2i .
20Concretely,
Zsl(2)N=1(1=x) =
1Y
i=1
1
1  x i =
1Y
i=1
1
( 1)
1Y
i=1
xi
1Y
i=1
1
1  xi =
x( 1)
( 1)(0)Z
sl(2)
N=1(x) = ix
  1
12Zsl(2)N=1(x) ;
where we have used  function regularization following ref. [62].
21The numerator can in fact be written in terms of so-called partial theta functions.
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power of xi(i+1) under temperature reection T !  T . Thus, temperature reection
symmetry, at least in the usual sense, seems to be absent. We can calculate the zeros of
the N = 2 partition function (4.20) by truncating the innite sum at some nite value M ,
observing a stabilization in the distribution of zeros as we increase M . In order to observe
Lee-Yang behavior also in the sl(2) sector, we would need to evaluate the Molien-Weyl
formula (4.12) at N > 2; this is in principle possible, but quickly becomes quite tedious.
We leave this for future work.
4.3 psu(1; 1j2) sector
The psu(1; 1j2) sector is built from two complex scalars X = 1 +i4 and Y = 2 +i5, two
fermions  =14 and
 _=13 as well as a single light-like covariant derivative D11 = D=1; _=1
that can act on any of them. This eld content results in the single-particle partition
functions
zB(x) = 2
1X
i=1
xi =
2x
1  x ; zF (x) = 2
1X
i=1
xi+1=2 =
2x3=2
1  x ; (4.21)
where x = e 1=T .
Using eq. (2.8), the Molien-Weyl formula for this sector takes the form
Zpsu(1;1j2)N (x) =
 1Y
i=1
(1 + xi+1=2)2N
(1  xi)2N
!
 1
(2i)N 1
I
jt1j=1
dt1
t1
  
I
jtN 1j=1
dtN 1
tN 1
Y
1krN 1
1  tk;r
k;r
;
(4.22)
where tk;r = tktk+1    tr and
k;r =
1Y
i=1
(1  xitk;r)2(1  xit 1k;r)2
(1 + xi+1=2tk;r)2(1 + xi+1=2t
 1
k;r)
2
: (4.23)
For N = 1, the Molien-Weyl formula yields
Zpsu(1;1j2)N=1 (x) =
1Y
i=1
(1 + xi+1=2)2
(1  xi)2 : (4.24)
For N = 2, we have
Zpsu(1;1j2)N=2 =
 1Y
i=1
(1 + xi+1=2)4
(1  xi)4
!
1
2i
I
jt1j=1
dt1
1  t1
t1
1Y
i=1
(1 + xi+1=2t1)
2(1 + xi+1=2t 11 )
2
(1  xit1)2(1  xit 11 )2
:
(4.25)
We can evaluate this integral using residue theory, similar to what was done in section 4.2.
The full calculation is shown in appendix C. The result is the following exact partition
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function for the psu(1; 1j2) sector with N = 2:
Zpsu(1;1j2)N=2 =
 1Y
i=1
(1+xi+1=2)8
(1 xi)8
!
(1+x1=2)4

1X
j=1
x(j 1)(1 xj)2(1 xj 1=2 4xj xj+1=2 2x2j 1=2 3x2j 2x2j+1=2)
(1+xj 1=2)3(1+xj+1=2)3
:
(4.26)
4.4 Full theory
The symmetry algebra of the full N = 4 SYM theory is psu(2; 2j4). The eld content of the
theory is built from six real scalars, 16 fermions and four covariant derivatives. However,
terms corresponding to the equations of motion, the Bianchi identities and their derivatives
have to be subtracted. The single-particle partition functions are then given by [3]
zB(x) =
6x+ 6x2   14x3 + 2x4
(1  x)4 =
6x+ 12x2   2x3
(1  x)3 =
1X
i=1
(8i2   2)xi ;
zF (x) =
16x3=2   16x5=2
(1  x)4 =
16x3=2
(1  x)3 = 8
1X
i=1
i(i+ 1)xi+1=2 ;
(4.27)
where x = e 1=T .
Using eq. (2.8), the Molien-Weyl formula for the full N = 4 SYM theory is
Zpsu(2;2j4)N (x) =
1Y
i=1
 
(1 + xi+1=2)8i(i+1)
(1  xi)8i2 2
!N
 1
(2i)N 1
I
jt1j=1
dt1
t1
  
I
jtN 1j=1
dtN 1
tN 1
Y
1krN 1
1  tk;r
k;r
;
(4.28)
where tk;r = tktk+1    tr and
k;r =
1Y
i=1
(1  xitk;r)8i2 2(1  xit 1k;r)8i
2 2
(1 + xi+1=2tk;r)8i(i+1)(1 + xi+1=2t
 1
k;r)
8i(i+1)
: (4.29)
For N = 1, this formula yields
Zpsu(2;2j4)N=1 (x) =
1Y
i=1
(1 + xi+1=2)8i(i+1)
(1  xi)8i2 2 : (4.30)
While this integral can also be evaluated at larger N via residues, this becomes quite
tedious due to the higher order of the poles; we leave this for future work.
5 Conclusion and outlook
In this paper, we have studied the partition function of free N = 4 SYM theory on RS3
with gauge group U(N) at nite N .
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We obtained closed expressions for the partition function at specic values of N via
a Molien-Weyl formula, a (contour) integral over (S1)N 1 that can be done via residues.
We have explicitly evaluated this integral for reasonably high values of N in the su(2) and
su(2j3) sector. Moreover, as a proof of principle, we have evaluated the contour integrals
for N = 2 also in larger, non-compact sectors, namely the sl(2) and psu(1; 1j2) sector.
In the su(q) sector, the free partition function is given by a rational function in
x = e 1=T . Its numerator was conjectured to be palindromic [44]. This property can
be rigorously proven via the Molien-Weyl formula [47]. Including also a Casimir energy,
the partition function then becomes invariant under T !  T . This symmetry has been
identied and studied in a number of other physical systems in refs. [62{64]. In the higher-
rank sectors including fermions that we considered, this symmetry is absent, though.
The partition function allows us to study the thermodynamic behavior of N = 4 SYM
theory on RS3. While this theory is well known to exhibit Hagedorn behavior at innite
N [5], we nd that the Hagedorn behavior is replaced by Lee-Yang behavior at large but
nite N . Lee-Yang behavior [51] was originally found in the description of mesoscopic
systems; it means that the zeros of the partition function in the complex x = e 1=T
plane condense in arcs that pinch the real line at the temperature of the phase transition.
Concretely, we nd strong evidence for this behavior in the su(2) and su(2j3) sector, where
the zeros appear to condense in arcs that pinch the real temperature axis at the temperature
of the connement-deconnement transition Tc. Since the Hagedorn behavior at innite N
is present in all (non-trivial) sectors including the full theory, we expect the same of Lee-
Yang behavior.22 Thus, our ndings strongly suggest that the connement-deconnement
transition in the full N = 4 SYM theory is of Lee-Yang type as well. (While we have
compelling evidence, it would be interesting to rigorously prove this.) Via the AdS/CFT
dictionary, the connement-deconnement transition in N = 4 SYM theory on R  S3 is
conjectured to be dual to the Hawking-Page transition of type IIB superstring theory on
AdS5S5 [2]. Our results thus indicate that also the Hawking-Page transition of type IIB
superstring theory on AdS5  S5 is of Lee-Yang type. This is reminiscent of the results by
Maloney and Witten [52], who found that the Hawking-Page transition in 3D gravity is of
Lee-Yang type.
Our ndings open up many interesting directions for further research. First among
these is the extension to loop level. In the su(2) sector, the action of the one-loop (and
higher-loop) dilatation operator at nite N can be expressed in a basis of so-called re-
stricted Schur operators [68{70]. This makes it possible to determine loop corrections to
the partition function (in this sector) at higher loop orders [71].
A second direction concerns the exact calculation of the connement-deconnement
temperature. In the cases we studied in detail, it could be seen that the arcs of zeros
of the partition function pinch the real temperature axis roughly at the known Hagedorn
temperature, which is expected [3] to coincides with the connement-deconnement tem-
perature in the free theory. However, for xed nite N , the zero closest to the real axis
22It might be interesting the evaluate the corresponding Molien-Weyl formulas in subsections 4.2{4.4 at
higher N to conrm this expectation.
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is still a nite distance away from the real axis. In order to determine the exact value of
the connement-deconnement temperature in cases where it does not coincide with the
Hagedorn temperature, i.e. at higher loop level, it is important to be able to determine the
connement-deconnement temperature from the asymptotic position of the closest zero
to the real axis at large N .
Third, it would be very interesting to determine the connement-deconnement tem-
perature at any value of  via integrability, similar to what was done for the Hagedorn
temperature in refs. [21, 22]. For the application of integrability to the Hagedorn tem-
perature [21, 22], it was crucial to determine the pole of the partition function without
needing to calculate the whole partition function. Thus, it is also likely that an application
of integrability to the connement-deconnement temperature requires us to be able to
determine the asymptotic position of the closest zero without needing to know the full
partition function.
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A Derivation of the character formula
In this appendix, we review the derivation of the character formula (2.1) for the partition
function of free Yang-Mills theory on a compact space R  S3. We closely follow the
approach outlined in refs. [3, 43], see also ref. [72].
As we are considering the theory on a compact space, the allowed states must be
singlets of the gauge group. In general, we will have a number of bosonic elds with energy
Ei, and a number of fermionic elds with energy E
0
i0 . We assume all elds to be in the
adjoint representation of the gauge group U(N). The exact partition function can then be
written as
Z() =
1X
n1=0
xn1E1
1X
n2=0
xn2E2   
1X
n01=0
xn
0
1E
0
1
1X
n02=0
xn
0
2E
0
2   d(n1; n2; : : : ; n01; n02; : : : ) ; (A.1)
where x = e 1=T = e  and d(n1; n2; : : : ; n01; n02; : : :) counts the number of singlets in the
product representation symn1adj
 symn2adj
    
 anti
n01
adj
 anti
n02
adj
    . This factor can be
calculated by integrating the characters of the representations over the group manifold,
using the Haar measure [dU ]. This feature stems from the orthogonality of the characters
of irreducible representations and is described in detail in appendix A of ref. [3]. Thus, we
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obtain
Z() =
Z
U(N)
[dU ]
Y
i
( 1X
ni=0
xniEisymniadj
(U)
)Y
i0
8<:
1X
n0
i0=0
xn
0
i0E
0
i0
anti
n0
i0
adj
(U)
9=; : (A.2)
To continue, we can utilize the following properties of group characters:
1X
n=0
xnsymnR(U) = exp
( 1X
m=1
1
m
xmR(U
m)
)
;
1X
n=0
xnantinR(U) = exp
( 1X
m=1
( 1)m+1
m
xmR(U
m)
)
;
(A.3)
where R can be any representation. If we choose R = adj, this yields
Z() =
Z
U(N)
[dU ]
Y
i
exp
( 1X
m=1
1
m
xmEiadj(U
m)
)Y
i0
exp
( 1X
m=1
( 1)m+1
m
xmE
0
i0adj(U
m)
)
:
(A.4)
We can now identify the bosonic and fermionic single-particle partition functions
zB() =
X
i
xEi ; zF () =
X
i0
xE
0
i0 : (A.5)
Together with adj(U) = trU trU
y, we obtain a compact expression:
Z() =
Z
U(N)
[dU ] exp
0@ 1X
j=1
z(j)
j
trU j tr

U y
j1A; (A.6)
where z(j)  zB(j)  ( 1)jzF (j) has been introduced to simplify the notation.
For the next part of the derivation, we outline the method of ref. [43]. Expanding the
exponential, we write
Z() =
Z
U(N)
[dU ]
1Y
j=1
exp

z(j)
j
trU j tr

U y
j
=
Z
U(N)
[dU ]
1Y
j=1
1X
kj=0
1
kj !

z(j)
j
trU j tr

U y
jkj
:
(A.7)
The product of sums over kj can be replaced by a total sum over all integer-valued vectors
~k in an innite dimensional conguration space:
X
~k
1Y
j=1
1
kj !

z(j)
j
trU j tr

U y
jkj
=
X
~k
1Y
j=1
z(j)kj
kj !jkj
~k(U)~k(U
y) ; (A.8)
where we dened
~k(U) =
1Y
j=1
(trU j)kj : (A.9)
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If we let kj count the number of rows with length j, we can identify ~k with a Young
tableau k containing n  P1j=1 jkj boxes, and thus with an integer partition of n. With
this, we can use Frobenius' formula to rewrite ~k in terms of group characters as done in
ref. [43]:
~k(U) =
X
R
R(k) trR U ; (A.10)
where the sum is over all representations R of U(N). Now integrating over the Haar
measure using the orthogonality of representations of U(N),Z
U(N)
[dU ] trR(U) trR0(U
y) = RR0 ; (A.11)
we nd
Z() =
X
k
1Y
j=1
z(j)kj
kj !jkj
X
R
jR(k)j2 : (A.12)
It is convenient to group the sum over Young tableaux k by the total number of boxes n.
The representations R can also be categorized as a set of Young tableaux with at most N
rows. We then arrive at what we call the `character formula':
Z() = 1 +
1X
n=1
X
k`n
X
r`n
nY
j=1
z(j)kj
kj !jkj
jr(k)j2 : (A.13)
In this formula, it is very clear to see the eect of a nite N : the number of rows in the
representation R is restricted to be no larger than N .
Chemical potentials can be included by replacing E ! E P3i=1 
iJi P2a=1 
a+3Sa
throughout the derivation.
B Derivation of the Molien-Weyl formula
In this appendix, we review the derivation of the Molien-Weyl formula (2.8) for the free
partition function with general eld content, cf. ref. [50].
We take our starting point in eq. (A.4). We can rewrite the adjoint characters in terms
of traces over the fundamental representation as adj(U) = trU trU
y. In the fundamental
representation of U(N), the group elements are N N -valued matrices. We let "j denote
the N eigenvalues of U with j"j j = 1, nding
adj(U
m) = trUm trU ym =
 
NX
r=1
"mr
! 
NX
k=1
" mk
!
=
NX
k;r=1

"r
"k
m
: (B.1)
Inserting this into eq. (A.4), we have
Z() =
Z
U(N)
[dU ]
NY
k;r=1
Y
i
exp
( 1X
m=1
1
m
xmEi

"r
"k
m)Y
i0
exp
( 1X
m=1
( 1)m+1
m
xmE
0
i0

"r
"k
m)
=
Z
U(N)
[dU ]
NY
k;r=1
Q
i0

1+xE
0
i0 "r
"k

Q
i

1 xEi "r"k

=
 Q
i0(1+x
E0
i0 )Q
i(1 xEi)
!N Z
U(N)
[dU ]
Y
1k<rN
Q
i0

1+xE
0
i0 "r
"k

1+xE
0
i0 "k
"r

Q
i

1 xEi "r"k

1 xEi "k"r
 : (B.2)
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In the second line we used the fact that   log(1  x) = P1m=1 1mxm, and in the third line
we split the product into three parts with k = r, k < r and k > r, respectively.
The Haar measure can be replaced by an integral over the eigenvalues of the U(N)
group element U , on the unit circle j"j j = 1 [73]:Z
U(N)
[dU ] =
1
N !(2i)N
I NY
j=1
d"j
"j
  ; (B.3)
where the Vandermonde determinant is given by
 =
Y
k<r
("r   "k)  =
Y
k<r
(" 1r   " 1k ) : (B.4)
In conclusion, we can compute the partition function of any eld content by the generalized
Molien-Weyl formula:
Z(x) = (ZN=1(x))N 1
N !(2i)N
I NY
j=1
d"j
"j
 
Y
1k<rN
1
k;r
; (B.5)
where we have introduced
ZN=1(x) =
Q
i0(1 + x
E0
i0 )Q
i(1  xEi)
; (B.6)
k;r =
Q
i

1  xEi "r"k

1  xEi "k"r

Q
i0

1 + xE
0
i0 "r
"k

1 + xE
0
i0 "k
"r
 : (B.7)
We can obtain another form of the Molien-Weyl formula by utilizing the symmetry
under a permutation of the N eigenvalues "i. First, notice that the measure
QN
j=1
d"j
"j
,  
and
Q
k<r k;r(x) are all invariant under a permutation of the "i while  and
 are each
invariant up to the sign of the permutation, sgn(). By its denition, the Vandermonde
determinant can also be written as
 =
Y
k<r
("r   "k) =
X
2SN
sgn() "0(1)"
1
(2)    "N 1(N) : (B.8)
Using the freedom to relabel the "i, we can permute the "i in each term with the inverse
permutation  1 to make them all be of the form "01"12    "N 1N . When doing so,  picks
up a factor of sgn( 1) which cancels the sign factor in , and we are left with
 ! N !"01"12    "N 1N  = N !
Y
k<r

1  "r
"k

: (B.9)
We thus obtain the alternative Molien-Weyl formula
Z(x) = (ZN=1(x))N 1
(2i)N
I NY
j=1
d"j
"j
Y
1k<rN

1  "r
"k

1
k;r
: (B.10)
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Yet another form of the Molien-Weyl formula can be obtained by a change of variables:
"j = t1    tj . With this identication, we haveY
1k<rN

1 x"r
"k

1 x"k
"r

=
Y
2krN
(1 xtk;r)(1 xt 1k;r) ; (B.11)
and Y
1k<rN

1  "r
"k

=
Y
2krN
(1  tk;r) ; (B.12)
where tk;r = tktk+1    tr. The Jacobian for the transformation is given by
J = det

d"i
dtj

= tN 11 t
N 2
2    t1N 1t0N =
NY
j=1
"j
tj
: (B.13)
In total, we can rewrite the generalized Molien-Weyl formula as
Z(x) = (ZN=1(x))N 1
(2i)N
I NY
j=1
dtj
tj
Y
1krN 1
1  tk;r
k;r
; (B.14)
where we have relabeled the integration variables tN ! tN 1 ! : : :! t1 ! tN and
ZN=1(x) =
Q
i0(1 + x
E0
i0 )Q
i (1  xEi)
; (B.15)
k;r =
Q
i(1  xEitk;r)(1  xEit 1k;r)Q
i0(1 + x
E0
i0 tk;r)(1 + x
E0
i0 t 1k;r)
: (B.16)
Note that tN only occurs once in the integrand as 1=tN . Integrating tN then simply gives
a factor of 2i, and we have
Z(x) = (ZN=1(x))N 1
(2i)N 1
I
jt1j=1
dt1
t1
  
I
jtN 1j=1
dtN 1
tN 1
Y
1krN 1
1  tk;r
k;r
; (B.17)
as claimed in eq. (2.8) of the main text.
Chemical potentials can be included by replacing E ! E P3i=1 
iJi P2a=1 
a+3Sa
throughout the derivation.
C Calculation of the partition function in the psu(1; 1j2) sector at N = 2
In this appendix, we provide details on the calculation of the partition function in the
psu(1; 1j2) sector at N = 2, the result of which is given in eq. (4.26).
Our starting point is the Molien-Weyl formula (4.22) for this sector with N = 2, which
we quote here for convenience:
Zpsu(1;1j2)N=2 =
 1Y
i=1
(1 + xi+1=2)4
(1  xi)4
!
1
2i
I
jt1j=1
dt1
1  t1
t1
1Y
i=1
(1 + xi+1=2t1)
2(1 + xi+1=2t 11 )
2
(1  xit1)2(1  xit 11 )2
:
(C.1)
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The relevant poles are double poles in t1 = x
j for all j 2 N.23 Focusing on a single
value of j, the residue of the pole at t1 = x
j is
Rest1=xj
"
1  t1
t1
1Y
i=1
(1 + xi+1=2t1)
2(1 + xi+1=2t 11 )
2
(1  xit1)2(1  xit 11 )2
#
=
@
@t1
26666664t1(1  t1)| {z }pre
1Y
i=1
(1 + xi+1=2t1)
2(1 + xi+1=2t 11 )
2
| {z }
ferm
1Y
i=1
1
(1  xit1)2
1Y
i=1
i 6=j
1
(1  xit 11 )2| {z }
scal
37777775

t1=xj
:
(C.2)
We now split the action of the derivative onto the prefactor t1(1  t1), the fermionic terms
in the numerator and the scalar terms in the denominator. The action on the prefactor
yields
(@t1pre)(ferm)(scal)jt1=xj = (1  2xj) (xj) ; (C.3)
where
 (xj) = lim
t1!xj
1Y
i=1
(1 + xi+1=2t1)
2(1 + xi+1=2t 11 )
2
(1  xit1)2
1Y
i=1
i 6=j
1
(1  xit 11 )2
: (C.4)
The action on the scalar terms yields
(pre)(ferm)(@t1scal)jt1=xj = xj(1  xj)
0BB@ 1X
k=1
2xk
1  xkxj  
1X
k=1
k 6=j
2xkx 2j
1  xkx j
1CCA (xj) : (C.5)
The innite sums can be reduced in the following manner:
1X
k=1
xk
1  xkxj  
1X
k=1
k 6=j
xkx 2j
1  xkx j =
1X
i=j+1
xi j
1  xi  
 1X
i=1 j
xi j
1  xi  
1X
i=1
xi j
1  xi
= +
j 1X
i=1
x j
1  xi  
jX
i=1
xi j
1  xi
=
j 1X
i=1
x j   xi j
1  xi  
1
1  xj = x
 j(j   1)  1
1  xj :
(C.6)
23While there is a pole at t1 = 0, the corresponding residue is
(1  t1)
1Y
i=1
(1 + xi+1=2t1)
2(1 + xi+1=2t 11 )
2
(1  xit1)2(1  xit 11 )2

t1=0
=
1Y
i=1
(t1 + x
i+1=2)2t21
(t1   xi)2t21

t1=0
=
1Y
i=1
(xi+1=2)2
( xi)2 =
1Y
i=1
x :
Since jxj < 1, this innite product goes to 0, and the pole at t1 = 0 does not contribute.
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In total, the derivative on the scalar terms contributes with
(pre)(ferm)(@t1scal)jt1=xj = 2xj(1  xj)

x j(j   1)  1
1  xj

 (xj)
=
 
2(1  xj)(j   1)  2xj (xj) : (C.7)
Now we calculate the eect of the derivative on the fermionic terms:
(pre)(@t1ferm)(scal)jt1=xj = xj(1  xj)
1X
k=1
 
2xk+1=2
1 + xk+1=2xj
  2x
k+1=2x 2j
1 + xk+1=2x j
!
 (xj) :
(C.8)
Again, the innite sums can be reduced:
1X
k=1
 
xk+1=2
1 + xk+1=2xj
  x
k+1=2x 2j
1 + xk+1=2x j
!
=
1X
i=j+1
xi j+1=2
1 + xi+1=2
 
j 2X
k=1
xk+1=2x 2j
1 + xk+1=2x j
  x
 j+1=2
1 + x1=2
  x
 j 1=2
1 + x 1=2
 
1X
i=1
xi j+1=2
1 + xi+1=2
:
(C.9)
The two terms outside the sums join to become  x j . The rst sum cancels all except the
rst j terms in the last sum. The second sum becomes
 
j 2X
k=1
xk+1=2x 2j
1 + xk+1=2x j
=  
 1X
k= j+2
xk 1=2x j
1 + xk 1=2
=  
 1X
k= j+2
x j
1 + x k+1=2
=  
j 2X
i=1
x j
1 + xi+1=2
:
(C.10)
With these rearrangements, we obtain
 x j  
jX
i=1
xi j+1=2
1 + xi+1=2
 
j 2X
i=1
x j
1 + xi+1=2
=  x j   x j(j   2)  x
 1=2
1 + xj 1=2
  x
+1=2
1 + xj+1=2
=  x j
 
(j   1) + x
j 1=2
1 + xj 1=2
+
xj+1=2
1 + xj+1=2
!
:
(C.11)
Thus, the total contribution from the derivative acting on the fermionic terms is
(pre)(@t1ferm)(scal)jt1=xj =  2(1  xj)
 
(j   1) + x
j 1=2
1 + xj 1=2
+
xj+1=2
1 + xj+1=2
!
 (xj) :
(C.12)
Adding the three contributions from the prefactor, the scalar and the fermionic terms, we
nd the full residue from the pole at t1 = x
j :
Rest1=xj [   ] =
"
(1  2xj) + 2(1  xj)(j   1)  2xj
 2(1  xj)
 
(j   1) + x
j 1=2
1 + xj 1=2
+
xj+1=2
1 + xj+1=2
!#
 (xj)
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=
"
1  4xj   2(1  xj)
 
xj 1=2
1 + xj 1=2
+
xj+1=2
1 + xj+1=2
!#
 (xj)
=
1  xj 1=2   4xj   xj+1=2   2x2j 1=2   3x2j   2x2j+1=2
(1 + xj 1=2)(1 + xj+1=2)
 (xj) : (C.13)
Finally we will take a look at the innite products in  (xj). The innite products in
the denominators can be rearranged as
1Y
i=1
i 6=j
(1  xi j)
1Y
i=1
(1  xi+j) =
 1Y
i=1 j
(1  xi)
1Y
i=1
(1  xi)
1Y
i=1+j
(1  xi) : (C.14)
Since
Q 1
i=1 j(1   xi) =
Qj 1
i=1 (1   xi)( x i) = ( 1)
j 1
xj(j 1)=2
Qj 1
i=1 (1   xi), we can simplify the
expression by collecting terms:
1Y
i=1
i 6=j
(1  xi j)
1Y
i=1
(1  xi+j) =
Q1
i=1(1  xi)2
xj(j 1)=2(1  xj) : (C.15)
The innite products in the numerator can be rearranged as
1Y
i=1
(1 + xi+1=2xj)(1 + xi+1=2x j) =
1Y
i=1
(1 + xi+j+1=2)(1 + xi j+1=2)
=
1Y
i=1+j
(1 + xi+1=2)
0Y
i=1 j
(1 + xi+1=2)
1Y
i=1
(1 + xi+1=2) :
(C.16)
The middle term can be rewritten as
0Y
i=1 j
(1 + xi+1=2) =
j 1Y
i=0
(1 + xi 1=2)x i+1=2 = xj=2 j(j 1)=2
j 2Y
i= 1
(1 + xi+1=2)
= x j(j 2)=2
(1 + x 1=2)(1 + x1=2)
(1 + xj 1=2)(1 + xj+1=2)
jY
i=1
(1 + xi+1=2)
= x j(j 2)=2 1=2
(1 + x1=2)2
(1 + xj 1=2)(1 + xj+1=2)
jY
i=1
(1 + xi+1=2)
= x (j 1)
2=2 (1 + x
1=2)2
(1 + xj 1=2)(1 + xj+1=2)
jY
i=1
(1 + xi+1=2) :
(C.17)
We nd
1Y
i=1
(1 + xi+1=2xj)(1 + xi+1=2x j) =
x (j 1)2=2(1 + x1=2)2
(1 + xj 1=2)(1 + xj+1=2)
1Y
i=1
(1 + xi+1=2)2 : (C.18)
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In total, the  (xj) factor thus takes the form
 (xj) =
Q1
i=1(1 + x
i+1=2xj)2(1 + xi+1=2x j)2Q1
i=1(1  xi+j)2
Q1
i=1
i 6=j
(1  xi j)2
=
xj(j 1)(1  xj)2Q1
i=1(1  xi)4
x (j 1)2(1 + x1=2)4
(1 + xj 1=2)2(1 + xj+1=2)2
1Y
i=1
(1 + xi+1=2)4
=
Q1
i=1(1 + x
i+1=2)4Q1
i=1(1  xi)4
(1 + x1=2)4
x(j 1)(1  xj)2
(1 + xj 1=2)2(1 + xj+1=2)2
:
(C.19)
Combining eqs. (C.13) and (C.19), we obtain the rearranged residue of the pole at
t1 = x
j . Summing this expression over all j 2 N we have included all residues, and
(remembering the prefactor in the rst line of eq. (C.1)) we obtain the nal partition
function for the psu(1; 1j2) sector for N = 2:
Zpsu(1;1j2)N=2 =
 1Y
i=1
(1+xi+1=2)8
(1 xi)8
!
(1+x1=2)4

1X
j=1
x(j 1)(1 xj)2(1 xj 1=2 4xj xj+1=2 2x2j 1=2 3x2j 2x2j+1=2)
(1+xj 1=2)3(1+xj+1=2)3
;
(C.20)
as claimed in eq. (4.26) of the main text.
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